Understanding the microscopic behavior of the black holes ingredients has been one of the important challenges in black holes physics during the past decades. In order to shed some light on the microscopic structure of black holes, in this paper, we explore a recently observed phenomenon for black holes namely reentrant phase transition, by employing the Ruppeiner geometry. Interestingly enough, we observe two properties for the phase behaviour of small black holes that leads to reentrant phase transition. They are correlated and they are of the interaction type. For the range of pressure in which the system underlies reentrant phase transition, it transits from large black holes phase to small one which possesses higher correlation than the other ranges of pressures. On the other hand, the type of interaction between small black holes near large/small transition line, differs for usual and reentrant phase transitions. Indeed, for usual case, the dominant interaction is repulsive whereas for reentrant case we encounter with an attractive interaction. We show that in reentrant phase transition case, the small black holes behave like a Bosonic gas whereas in the usual phase transition case, they behave like a quantum anyon gas.
I. INTRODUCTION
A reentrant phase transition (RPT) occurs when a monotonic variation of any thermodynamic quantity gives rise to more than one phase transitions (PTs) such that the initial and final states are macroscopically the same. This phenomenon was first discovered in the nicotine/water mixture during a procedure in which, by increasing the temperature at a sufficient fixed percentage of nicotine, the homogeneous mixed state separated into distinct nicotine/water phases and then the homogeneous state reappeared [1] . More often, as a result of two (or more) competing driving mechanisms, such behavior has also been observed in multicomponent fluid systems, gels, ferroelectrics, liquid crystals, and binary gases as well as non-commutative spacetimes [2] (for more details, see the review [3] ).
In the context of black hole (BH) physics, RPT has been first discovered for four-dimensional Born-Infeld (BI) charged anti-de Sitter (AdS) BHs [4] . In this case, for a certain range of pressures, when temperature is lowered monotonically, a large/small/large BHs reentrant phase transition occurred. Further studies show that for higher than four-dimensional BI-AdS BHs, there is no RPT [5] . In [6] , d-dimensional singly-spinning Kerr-AdS BHs were studied and it was shown that RPT appears for d ≥ 6. Remarkably, in these two BH systems, an RPT is accompanied by Hawking-Page (HP) phase transition. This fact is interesting and important since it has been shown that the HP phase transition is related to a confinement/deconfinment PT in quark-gluon plasma [7] . More studies on RPT in higher-dimensional singleand multi-spinning Kerr-AdS and Kerr-dS BHs have been carried out in [8] [9] [10] [11] . It is worth mentioning that these examples of BH RPTs are accompanied by a jump at the global minimum of the Gibbs free energy. This discontinuity is referred to as zeroth-order PT and seen for instance in superfluidity and superconductivity [12] . Recently, it has been shown that the zeroth-order PT can take place as well in an extended phase space of charged dilaton black holes [13] . RPTs have also been observed in frameworks consisting of higher-curvature corrections [14] [15] [16] [17] [18] . In these kinds of gravity theories it is possible to find multiple RPTs, and/or RPTs in which there is no zeroth-order PT, with the RPT taking place by a succession of some first order PTs [14, 16, 17] .
In this paper, we explore a possible microscopic origin of the black hole RPT via Ruppeiner geometry [19, 20] . We compare the behaviors of Ricci Scalar of Ruppeiner geometry R (refereed to as Ruppeiner invariant) for the situations in which an RPT appears and try to infer its microscopic origin. We do this in the case of BI-AdS BHs as well as singly-spinning Kerr-AdS BHs. The sign of the Ruppeiner invariant indicates the dominant interaction between possible molecules of a BH (R > 0: repulsion, R < 0: attraction and R = 0: no interaction) [21] [22] [23] , while its magnitude is a measure of the average number Planck areas on the event horizon that are correlated with each other [24] (for more information, see [25, 26] and references therein). We note that the microscopic behavior of possible BH molecules has been previously studied via Ruppeiner geometry [27] [28] [29] [30] .
Our paper is organized as follows. In section II, we review the subject of RPT in the context of black hole thermodynamics. For this purpose, we shall consider two cases: static AdS black holes in the presence of nonlinear BI electrodynamics and spinning Kerr-AdS black holes. We shall use the terminology SPT (for standard phase transition) to denote any phase transition that is not reentrant (i.e. not RPT), whereas PT shall refer to any possible phase transition without distinction. In section III, we study the Ruppeiner geometry of SPTs and RPTs to understand the microscopic origin of the latter. In section IV, we summarize the results we found in this paper.
II. REVIEW OF BLACK HOLE RPT
In this section, we review thermodynamics of higherdimensional BI-AdS BHs as well as singly-spinning KerrAdS BHs and discuss the situations under which the RPT appears in these configurations. Our discussions here are based on Refs. [5] and [6] .
A. BI-AdS black holes
The metric of d-dimensional BI-AdS BH is
in which dΩ 
where l is the AdS radius of spacetime, m and q are related to total mass and charge of BH as
where ω represents the area of the unit (d − 2)-sphere. Using the fact that f (r + ) = 0 where r + is the radius of outermost horizon, we can find the constant m in terms of r + and express the total mass of BH as function of r + ,
In the above expression b is the nonlinear BI parameter appears in the BI Lagrangian, L BI = 4b
is given by
In the limiting case where b → ∞, the BI Lagrangian reproduces the linear Maxwell one. The electromagnetic potential defined by
where χ = ∂ t is the Killing vector, can also be calculated as
The cosmological constant is fixed as Λ = −(d − 1)(d − 2)/2l 2 and related to the thermodynamic pressure as (in Planck unit) [31] [32] [33] [34] 
The corresponding Hawking temperature associated with the event horizon r + , and the entropy of BH are given by 
FIG. 2:
The behavior of G versus T for 6-dimensional Kerr-AdS black hole with J = 1. Solid blue and dashed red lines are corresponding respectively to CP > 0 and CP < 0. This behavior is qualitatively the same for 4-dimensional BI-AdS and (n ≥ 6)-dimensional Kerr-AdS BHs.
Interpreting the mass of BH, M , as the enthalpy rather than the internal energy of the gravitational system [32] , we can write the first law of thermodynamics as
in which M is a function of BI coupling coefficient as well as other usual thermodynamic parameters [35] . The conjugate quantity of b is given by
which is referred to as 'BI vacuum polarization'. Also, the thermodynamic volume conjugate to the pressure is gument as
Bb.
To examine the PT behaviors (or thermodynamic behaviors), in addition to the equation of state T = T (P, V ), which can be calculated by eliminating l 2 between (8) and (9), we study the Gibbs free energy
Note that in our study on BI-AdS BH, we treat Q and b as fixed variables.
B. Singly-spinning Kerr-AdS black holes
In d-dimensional spacetime the metric of singly spinning Kerr-AdS black holes may be written
where
The associated thermodynamic quantities read (in Planck units)
where m can be calculated by setting ∆ (r + ) = 0. We find
One can also find the first law of BH thermodynamics and Smarr formula as [32] 
where the volume conjugate to pressure is
The Gibbs free energy G = M − T S governing the thermodynamic behavior of the system reads
Eliminating m, a and r + in Eqs. (17)- (22) in terms of the basic thermodynamic variables, one can numerically obtain the equation of state T = T (P, V ) in the canonical ensemble (with fixed J). 
C. Reentrant phase transition
The thermal stability of a thermodynamic system may be determined by the sign of system's response functions. One of theses response functions is specific heat at constant pressure. For the BHs under consideration, the specific heat is given by
for Kerr-AdS (28) Positivity (negativity) of C P determines the local stability (instability) which is shown by solid blue (dashed red) lines in a G − T diagram (see Figs. 1(a) and 2) . In order to examine the precise behavior of the system, we investigate the behavior of the Gibbs free energy G. For 5-dimensional BI-AdS black holes this is plotted in Fig. 1(a) . From this figure, we see that for P > P c , G has smooth behavior as a function of T , whereas for P < P c it exhibits multi-valued behavior related to the LBH/SBH (large black hole/small black hole) first order SPT that is similar to the SPT of the Van der Waals fluid system. The corresponding phase diagram is shown in Fig. 1(b) in which for P < P c and T < T c , large and small BH phases are separated by the transition line. This kind of behavior is observed for (d ≥ 5)-dimensional BI-AdS BHs and also 4-and 5-dimensional Kerr-AdS BHs.
However for 4-dimensional BI-AdS BHs and (d ≥ 6)-dimensional Kerr-AdS BHs, the thermodynamic behaviour is different. The behaviour of the Gibbs free energy for 6-dimensional Kerr-AdS BHs versus temperature for fixed pressure is plotted in Fig. 2(a) . As one can see, for P > P c the behavior of the system is similar to that of Schwarzschild-AdS BHs: the upper (lower) branch corresponds to small (large) BHs with C P < 0 (C P > 0) and at G(T HP , P HP ) = 0, the Hawking-Page SPT occurs. Decreasing the pressure to P = P c , we have an additional second order PT at T = T c in comparison with P > P c case. In the region P t < P < P c , a LBH/SBH first order SPT takes place which is similar to liquid/gas Van der Waals SPT (note that P t shows the end of a transition line corresponding to the first order SPT). In the region P t < P < P z , according to the behavior of Gibbs free energy, we have a zeroth-order PT besides the LBH/SBH first order PT (see Fig. 2(b) ). Note that P z determines the starting point for observing zeroth-order PT. This kind of phase transition takes place by a discontinuity in Gibbs free energy that gives rise to a small/large (intermediate) BHs PT. Therefore, generally we have a LBH/SBH/LBH phase transitionthis is an RPT since the starting and ending phases are macroscopically similar. For P < P t the situation is the same as P > P c case; note that since the black hole has charge a Hawking-Page PT (which would not conserve charge) does not take place.
The phase diagram corresponding to an RPT is depicted in the P − T diagram in Fig. 3 . The solid lines are coexistence lines denoting the boundary of two different phases. The inset shows that for P > P z there is a SPT, whereas for P < P t there is no PT, even where G changes sign. The RPT occurs for P t < P < P z , where the red line signifies a first-order PT and the magenta line signifies a zeroth-order PT. Note that there is a forbidden region in parameter space for which no black hole solutions exist. Similar RPT behavior takes place for 4-dimensional BI-AdS as well as (d ≥ 6)-dimensional Kerr-AdS BHs [4, 6] . For P t < P = 0.0567 < P z an RPT corresponding to a 6-dimensional Kerr-AdS BHs is depicted in Fig. 2(b) . The direction of arrows follows increasing horizon radius. As temperature decreases the system always moves on the lower branch in each region to maintain thermo-dynamic equilibrium. Beginning on the lower steeplysloped curve, a first order PT takes place after which the system is on the near-flat blue curve. This is an SPT from an LBH to an SBH. At T = T 0 , a zeroth-order PT takes place at which a finite jump in G takes place and the system moves back to the steep blue curve. This finite jump is a zeroth-order PT between an SBH and an IBH (an LBH but of smaller radius). The entire process is an RPT.
III. MICROSCOPIC ORIGIN OF THE BLACK HOLE RPT
In this section, we will study the microscopic origin of black holes RPT by adopting the Ruppeiner approach towards thermodynamic geometry of BHs [21] [22] [23] [24] [25] [26] . We define the Ruppeiner metric in X α = (M, Z) space where Z = Q for BI-AdS BHs and Z = P for Kerr-AdS BHs. The entropy S leads to the thermodynamic potential,
The above metric can also be rewritten in the Weinhold form
where Y α = (S, Z). The Ricci scalar corresponding to this metric is referred to as Ruppeiner invariant R, and can give us some information about the microscopic behavior of possible BH molecules. The sign of R signifies the dominant interaction between microscopic constituents of a system (the possible BH molecules in our case): positive, negative and zero values respectively indicate repulsion, attraction, and no interaction [21] [22] [23] . Its magnitude provides a measure of the average number of correlated constituents [24] ; for black holes this would be the average number of correlated Planck areas on the event horizon.
In order to study the microscopic origin of an RPT, we examine the behavior of the Ruppeiner invariant on both sides of the coexistence lines in the P − T diagram. We illustrate this in Fig. 4 for both 4-dimensional BI-AdS black holes and for 6-dimensional singly spinning KerrAdS blackholes; note that both diagrams are similar to 3. Since there are two PT in case of RPT, we have two transition lines. The rightmost and leftmost transition lines are respectively related to LBH/SBH and SBH/IBH (a smaller LBH) PTs as temperature is decreased.
We see for both cases that R < 0, indicating that the dominant interaction is attractive. The important point we can understand from Fig. 4 is that for the zerothorder PT R is much more negative in going from the SBH to the IBH than in going from the LBH to the SBH. For the RPT, R goes from small negative (LBH) to larger negative (SBH) back to small negative (IBH) again by decreasing the temperature at fixed pressure. According to the definition of RPT, we know that the starting and ending phases should be the same macroscopically. From  Fig. 4 we see that, they are almost the same too, from a microscopic point of view, since the magnitude and sign of the Ruppeiner invariant R are the same on these phases. We see from Fig. 4 that when we move downward through the rightmost transition line, the value of R for points close to the line and on its right side (i.e. the LBH phase) is near zero. This behaviour can be seen more clearly in Fig. 5 . For the usual first-order PT, the magnitude of the Ruppeiner invariant R for the LBH phase near the transition line is almost the same as for the IBH i.e. it is near zero. For these black holes their microscopic constituents attract and have weak correlation. This behaviour is expected for large BHs where micro-scopic ingredients of BH are expected to be far from each other.
However, for the SBH phase, the microscopic behaviour of BHs underlying the usual PT and RPTs are different near the transition line. For the underlying RPT, as we move downward near the coexistence line in Fig. 5 on its left side, the Ruppeiner invariant is negative and of increasing magnitude. The dominant interaction is attractive, with the constituents much more strongly correlated.
The behaviour of R for the usual SPT in Fig. 1(b) is illustrated in Fig. 6 . In this case, the value R near the coexistence line for the SBH is negative at critical point but passes through zero toward increasingly positive values (signifying increasing correlation for repulsively interacting constituents) as the temperature decreases; the value of R is positive infinite near zero temperature. We know that for SBHs near the transition line, the pressure is low when temperature is low, as is clear from Fig.  1(b) . In this region of the phase diagram for the SBH the the repulsion is high; despite this, the pressure is low. Evidently the effects of low temperature dominate over this repulsion, 'freezing' the black hole molecules and increasing their correlation. The LBH always has weak attraction and low correlation amongst its constituents.
It is worth noting that the RPT occurs in a special region of low pressures P t < P < P z , shown in Fig. 4 . For a given pressure in this region, by decreasing the temperature we transit from an LBH to an SBH of greater |R|, indicating greater correlations in comparison to other ranges of pressure. This high correlation becomes higher as we decrease the temperature further in this pressure range. One of the signs of a PT is a change from low to high correlation amongst constitutents (or vice-versa). It seems that from a microscopic point of view, the difference making the BH system able to undergo an RPT for this special region of pressure P t < P < P z is the greater correlation between molecules of SBHs in comparison to other ranges of pressure.
Here, a question may arise when one compares the behaviour of the Ruppeiner invariant R for BH configurations exhibiting an RPT and ones exhibiting an SPT. For the latter, the correlation (the magnitude of R) is high for small BHs near transition line for low pressures as one can see from Fig. 6 (note from Fig. 1(b) that along transition line low temperatures lead to low pressures). Furthermore, as one can see in Fig. 7 , for a given (low) pressure, when the temperature decreases and system transits to an SBH phase, the correlation (the magnitude of R) increases as temperature decreases more in this phase. The SPT/RPT distinction is evidently one of increasing repulsion/attraction for an SBH relative to the LBH. The attraction may help the SBH to undergo an additional zero-order PT as temperature decreases (hence an RPT) whereas the increasing repulsion obstructs an additional phase transitions (hence an SPT).
As one can see in Fig. 7 , the BH configuration with SPT shows two different behaviors by decreasing the tem- perature from high to low values for a given pressure. A part of this behavior for high temperatures carries the Bosonic negative sign whereas another part for low temperatures looks like a Fermionic gas. Similar behavior has been observed for a quantum gas of anyons where the molecular volume is fixed [26] . The blue dotted lines in Fig. 7 correspond to the swallow tail part of the G − T diagram for P < P c ( Fig. 1(a) ). In the swallowtail region, the system has a thermodynamic instability on part of the curve, whereas on the other part the specific heat C P at fixed P (which determines the local instability) is positive.
IV. SUMMARY AND CONCLUSIONS
In this paper, we investigated the microscopic origin of the reentrant phase transition (RPT) in BHs thermodynamics. For this purpose, we employed the Ruppeiner geometry towards thermodynamics geometry of BHs. We showed that the ending and starting phases which are the same macroscopically, are the same microscopically, too. We found out that there are no microscopic difference between the behavior of large BHs near large-small transition line of usual PT and RPT cases, and the main difference is in the microscopic behavior of small black holes. We observed that for usual PT, the dominant interaction for small BHs near transition line for low temperatures is repulsive whereas for RPT it is attractive.
The fact that we have two phase transitions in RPT case, for the pressure in the range of P t < P < P z , can be understood easily (see Fig. 2(a) ). Indeed, in this region the system transits from large BH to small one with higher correlations compared to the other regions of pressure. We showed that with decreasing the temperature of a given pressure P , correlation becomes higher and it makes the system possible to underlie another phase transition in the region P t < P < P z .
We also explored the microscopic origin of black holes RPT by adopting the Ruppeiner approach towards thermodynamic geometry of BHs. It is well-known that the magnitude of the Ruppeiner invariant R measures the average number of Planck areas on the event horizon correlated to each other or roughly speaking correlation [24] . We examined the behaviour of the Ruppeiner invariant on both sides of transition lines in P − T diagram (see Fig. 4 ). We observed that in RPT case the small BHs behave like a Bosonic gas whereas in the usual PT case small black holes behave like a quantum anyon gas. We showed that the freezing is more effective than the dominant interaction at low temperature since in both the two kinds of phase transitions (namely the usual PT and RPT) have low pressure in this region despite different interactions.
